ABSTRACT. Let X be a Fano manifold of Picard number one. We establish a lower bound for the second Chern class of X in terms of its index and degree. As an application, if Y is a n-dimensional Fano manifold with −K Y = (n − 3)H for some ample divisor H, we prove that h 0 (Y, H) ≥ n − 2. Moreover, we show that the rational map defined by |mH| is birational for m ≥ 5, and the linear system |mH| is basepoint free for m ≥ 7. As a by-product, the pluri-anti-canonical systems of singular weak Fano varieties of dimension at most 4 are also investigated.
where H is the ample generator of Pic (X). Our first result is the following weaker version of inequality (1.1) without assuming the (semi-)stability of T X . We will focus on the case n ≥ 7 and i X ≥ 2 since the inequality (1.1) holds for n ≤ 6 or i X = 1 (cf. [Rei77, Hwa98] ). (2) If 3 ≤ i X ≤ n, then
Theorem. Let X be a n-dimensional Fano manifold with ρ(X)
It is easy to check that the inequalities given in Theorem 1.1 are strictly weaker than the expected inequality (1.1) except i X = n, so the statement is only interesting for 2 ≤ i X ≤ (n + 1)/2 and n ≥ 7. Moreover, recall that i X > n if and only if X ∼ = P n and i X = n + 1, and the stability of T P n is well-known. As the first application of this theorem, we prove an effective non-vanishing theorem for Fano manifolds of dimension n and index n − 3.
Theorem. Let X be a Fano manifold of dimension n ≥ 4 and index n − 3.
Let H be the fundamental divisor. Then h 0 (X, H) ≥ n − 2.
This result was proved for n = 6, 7 by Floris in [Flo13, Theorem 1.2]. Moreover, combining [HV11, Theorem 1.6] with Theorem 1.2 yields the following theorem.
Corollary.
Let X be a n-dimensional Fano manifold with index n − 3. Then the group H 2n−2 (X, Z) is generated over Z by classes of curves.
As a second application of our theorem, we consider pluri-anti-canonical systems. If X is a weak Q-Fano threefold with at worst canonical singularities, then there exists a constant m 3 such that the pluri-anti-canonical map Φ −m is birational for m ≥ m 3 (cf. [KMMT00, Corollary 1.3]). In higher dimension, the existence of such a constant m n was proven by Birkar very recently under some mild assumption on the singularities (cf. [Bir16, Theorem 1.2] ). On the other hand, by effective Basepoint Free Theorem [Kol93, Theorem 1.1], the linear system | − mK X | is basepoint free for m = 2(n + 2)!(n + 1)r if X has only klt singularities and r is the Gorenstein index of X. This leads us to ask the following two natural questions.
Question. Let X be a weak Fano variety with at most canonical Gorenstein singularities.
(1) Find the optimal constant f (n) depending only on dim(X) = n such that the linear system | − mK X | is basepoint free for all m ≥ f (n). (2) Find the optimal constant b(n) depending only on dim(X) = n such that the rational map Φ −m corresponding to | − mK X | is a birational map for all m ≥ b(n).
Question (1) The lower bounds given in the theorem are both optimal, i.e., f (3) = 2 and b(3) = 3. To see this, we consider the following two examples : As in dimension 4, the estimate in Theorem 1.8 (2) is optimal as showed by a general hypersurface of degree 10 in the weighted projective space P(1, · · · , 1, 2, 5). The statement Theorem 1.8 (1) is weaker than the estimate expected by Fujita's conjecture, which asserts basepoint freeness for m ≥ 4. However, at the present times, observe that the classification of Fano nfolds of index n − 3 is very far from being known even in dimension four, so our result above might be a starting point of the classification: one may try to describe the Fano n-folds of index n − 3 such that Φ −m is not birational for all m ≤ 4.
PRELIMINARIES
Throughout we work over the field C of complex numbers. Let X be a ndimensional projective normal variety and let X 0 be the regular part of X with inclusion map i :
be the sheaf of regular n-forms over X 0 . The canonical divisor K X is a Weil divisor on X such that
A normal projective variety X is said to be Q-Gorenstein, if some multiple mK X is a Cartier divisor. If m = 1 and X is Cohen-Macaulay, then the projective variety X is called Gorenstein. Let µ : X ′ → X be a proper birational morphism from a normal projective variety X ′ . If ∆ ⊂ X is a Q divisor, we denote by µ −1 * (∆) its strict transform. A log-pair is a tuple (X, ∆), where X is a normal projective variety and
we will abbreviate the log-pair (X, 0) as X. We will use the standard terminologies for the singularities of pairs given in [KM98, §2.3]. A weak Q-Fano variety X is a n-dimensional Q-Gorenstein projective variety with nef and big anti-canonical divisor −K X . A weak Q-Fano variety X is called Q-Fano, if the anti-canonical divisor −K X is ample. The index of a Fano variety X is defined as
The coindex of X is defined as n + 1 − i X . If X has at worst log terminal singularities, then the Picard group Pic(X) is finitely generated and torsion free, so the Cartier divisor H such that −K X ∼ Q i X H is determined up to linear equivalence and we call it the fundamental divisor of X. Let (X, H) be a polarized normal Q-factorial projective variety of dimension n. Given a torsion-free coherent sheaf E on X of positive rank rk(E ), the slope of E with respect to H is defined as
Moreover, if X is smooth, the discriminant of E by definition is the characteristic class 
For a torsion-free coherent sheaf E over a polarized projective manifold (X, H), there exists a unique filtration, the so called Harder-Narasimhan filtration, by coherent subsheaves
We furthermore introduce the following numbers attached to E
. The following theorem reduces the study of varieties with only canonical singularities to the study of varieties with only Q-factorial terminal singularities.
Theorem.[BCHM10, Corollary 1.4.4] Let X be a normal projective variety with only canonical singularities. Then there is a birational morphism µ : Y → X, where Y has only Q-factorial terminal singularities such that K
Y = µ * K X . Such a
variety Y is called a terminal modification of X.
Using this existence theorem, it is easy to yield the following result from the terminal setting.
Theorem.[Rei88, Corollary 2][Jia16, Theorem 1.7]
Let X be a ndimensional normal projective variety with K X ∼ 0. Assume that X has at worst canonical singularities and L is a nef and big Cartier divisor on X. Then (1) the rational map Φ |mL| is birational for m ≥ 3 if n = 2; (2) the rational map Φ |mL| is birational for m ≥ 5 if n = 3.
We recall an easy lemma which is nevertheless the key ingredient of our inductive approach to generalize Theorem 1.5 to higher dimension. In [Ogu91] , it was proved for projective manifolds, but the proof still works for normal projective varieties. 
SECOND CHERN CLASS OF FANO MANIFOLDS
Let X be a polarized normal projective variety and let Chow(X) be the Chow space of X. The family of rational curves on X is defined as the following subset of Chow(X),
It is well-known that RatCurves(X) is a union of quasi-projective sets. We denote by RatCurves n (X) the normalization of RatCurves(X). For more details we refer to [Kol96] . Let V be an irreducible component of RatCurves n (X). V is said to be a covering family of rational curves on X if the corresponding universal family dominates X. A covering family V of rational curves on X is called minimal if its general members have minimal degree with respect to some polarization. If X is a uniruled projective manifold, then X carries a minimal covering family of rational curves. We fix such a family V, and let [C] ∈ V be a general point. Then the tangent bundle T X can be decomposed on the normalization of C as 
The Fano foliations on X are these foliations F ⊂ T X whose anti-canonical class −K F is ample. Similar to Fano manifolds, we can define the index i F of a Fano foliation F to be the largest positive integer dividing −K F in Pic(X) (cf. [AD13] ). The following result due to Hwang relates the unstability of T X to certain special foliation on X, which gives also some restrictions of the projective geometry of certain special subvarieties in P(T X ). 
Since T X /F is torsion-free, we may assume that the sheaf F is a subbundle of T X along C (cf. [Kol96, II, Proposition 3.7]). Then the restriction of F over C is of the following form
Since F ⊂ T X , it follows a 1 ≤ 2, a i ≤ 1 for 2 ≤ i ≤ p + 1, and a j ≤ 0 for p + 2 ≤ j ≤ r. However, note that C is not tangent to F (cf. Proposition 3.2), we have actually a 1 ≤ 1. As a consequence, we obtain 0 < i F < i X and there exists some 1 ≤ d ≤ r such that
On the other hand, if rk( 
Since F | C is a subbundle of T X | C , it follows that the positive part
of F | C is a subbundle of T X | C . In particular, the ample vector bundle (F | C ) + is also a subbundle of the positive part
and (T X | C ) + have the same rank, and (F | C ) + is a subbundle of (T X | C ) + if and only if (F | C ) + = (T X | C ) + . This is impossible. Therefore, we have d ≤ p. In summary, we have
Furthermore, since X is a Fano manifold, its tangent bundle T X is generically ample (cf. [Pet12, Theorem 1.3]), and it follows µ min H (T X ) > 0. We denote by 0 = E 0 E 1 · · · E s−1 E s = T X the Harder-Narasimhan filtration of T X . By our assumption, we have s ≥ 2,
Proof of (1) . In view of (3.1), we have i F = 1. Moreover, we have
This implies H · C ≥ 2. Then we have
Now the strenghtening of Bogomolov inequality (see [Lan04, Theorem 5.1])
By the definition of ∆(T X ), after simplifying the expression, we conclude
Proof of (2) . According to (3.1), we have i F ≤ i X − 1. Similar to the proof of (1), we will establish the following upper bound for µ max
Note that H · C ≥ 1 and i F ≤ i X − 2, we conclude
If i F = i X − 1, the inequality given in (3.1)
Now, by the strenghtening of Bogomolov inequality again, it follows
After simplifying the expression, one can derive the following inequality
Then we can conclude by observing that the number 2n(i X − 1) − i 2 X is positive for 3 ≤ i X ≤ n − 2 and n ≥ 7.
Remark.
If n ≥ 7, one can easily check that the upper bound of µ max H (T X ) given in the proof is strictly smaller than µ H (T X ) if i X ≥ n − 1. This actually recovers the semi-stability of T X in the case i X ≥ n − 1 and n ≥ 7.
ANTI-CANONICAL GEOMETRY OF FANO VARIETIES
This section is devoted to study Question 1.4 in several special cases. The crucial ingredient is the existence of good ladder on Fano varieties with mild singularities. The following reduction result suggested by the referee is obtained as an application of the Basepoint Free Theorem.
Proposition. In Question 1.4, one may assume that X is a Fano variety with at worst Gorenstein canonical singularities.
Proof. Since −K X is a nef and big Cartier divisor, by the Basepoint Free Theorem, there exists a projective birational morphism φ : X → X ′ to a normal projective variety X ′ with connected fibers such that −kK X ∼ φ * A for some ample divisor A on X ′ and some positive integer k. It follows that −kK X ′ ∼ A as φ * K X = K X ′ . In particular, K X ′ is Cartier and φ * K X ′ = K X . This implies that the variety X ′ has at worst canonical Gorenstein singularities. On the other hand, we have h 0 (X,
In particular, the pluri-anti-canonical maps Φ |−mK X | of X factor as φ followed by the pluri-anti-canonical maps Φ |−mK X ′ | of X ′ . As a consequence, the map Φ |−mK X | is birational if and only if Φ |−mK X ′ | is birational, and the complete linear system | − mK X | is basepoint free if and only if the complete linear system | − mK X ′ | is basepoint free. Proof of Theorem 1.6. Thanks to Proposition 4.1, we may assume that X is a Fano threefold with at worst Gorenstein canonical singularities of dimension 3. Let S ∈ | − K X | be a general member. Then the pair (X, S) is plt by [Amb99, Main Theorem] . According to the inversion of adjunction (cf. [KM98, Theorem 5.50]), it follows that (S, 0) has at worst klt singularties. Note that S is Gorenstein, so S has at worst Gorenstein canonical singularities.
Step 1. Basepoint freeness of | − mK X | for m ≥ 2. Since −K X | S is nef and big, K S ∼ 0 and S has at worst canonical singularities, the complete linear system | − mK X | S | is basepoint free for m ≥ 2 by [Kaw00, Theorem 3.1]. Consider the following exact sequence
Note that we have H 1 (X, −mK X ) = 0 for m ∈ Z by Kawamata-Viehweg vanishing theorem and Serre duality. This implies that the natural restriction map
is surjective for m ∈ Z. In particular, we have Bs
As a consequence, the linear system | − mK X | is basepoint free for m ≥ 2.
Step 2. The morphism given by | − mK X | is birational for m ≥ 3. Combining the fact H 1 (X, O X ) = 0 and the following natural exact sequence of sheaves
On the other hand, note that the rational map defined by | − mK X | S | coincides with the restriction of the rational map given by | − mK X | over S for m ≥ 0. Thanks to Theorem 2.3 (1), the rational map given by | − mK X | S | is birational for m ≥ 3. Then Lemma 2.4 implies that the linear system | − mK X | gives a birational map for m ≥ 3.
Remark.
As mentioned in the introduction, one can also derive the same result from the classification given in [PCS05, JR06] . The advantage of our argument is that it may be applied in higher dimension to get some upper bound of f (n), the disadvantage is that we do not get any information about the explicit geometry of X or any information about the base locus Bs | − K X |. is surjective for m ∈ Z, so the linear system |mH| is basepoint free for m ≥ 7. Note that the rational map defined by |mH| Y n−3 | is birational for m ≥ 5 (cf. Theorem 2.3). By the same argument that we used in the proof of Theorem 1.6, we conclude that the rational map given by |mH| Y n−4 | is birational for m ≥ 5. Therefore, after an inductive argument on n, we see that the rational map given by |mH| is birational for m ≥ 5.
4.5. Remark. Let X be a n-dimensional weak Fano variety with at worst Gorenstein canonical singularities. Let H be its fundamental divisor. If its index i X is equal to n − 1 or n − 2, then the same argument in the proof of Theorem 1.8 together with Theorem 1. 
